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Abstract 

Narasimhan and Ramadas showed in [16] that the restricted holonomy 
group of the Coulomb connection is dense in the connected component of 
the identity of the gauge group when one considers the product principal 
bundle S 3 x SU(2) — » S 3 . Instead of a base manifold S 3 , we consider 
here a base manifold of dimension n > 2 with a boundary and use Dirich- 
let boundary conditions on connections as defined by Marini in [13]. A 
key step in the method of Narasimhan and Ramadas consisted in show- 
ing that the linear space spanned by the curvature form at one specially 
chosen connection is dense in the holonomy Lie algebra with respect to 
an appropriate Sobolev norm. Our objective is to explore the effect of 
the presence of a boundary on this construction of the holonomy Lie al- 
gebra. Fixing appropriate Sobolev norms, it will be shown that the space 
spanned, linearly, by the curvature form at any one connection is never 
dense in the holonomy Lie algebra. In contrast, the linear space spanned 
by the curvature form and its first commutators at the flat connection is 
dense and, in the C°° category, is in fact the entire holonomy Lie algebra. 
The former, negative, theorem is proven for a general principle bundle 
over M, while the latter, positive, theorem is proven only for a product 
bundle over the closure of a bounded open subset of R". Our technique 
for proving absence of density consists in showing that the linear space 
spanned by the curvature form at one point is contained in the kernel of a 
linear map consisting of a third order differential operator, followed by a 
restriction operation at the boundary; this mapping is determined by the 
mean curvature of the boundary. 



1 Introduction 

In this paper we study the space of connections A of a certain type of principal 
bundle and the set of gauge transformations Q that act on these connections. 
In particular, we are interested in the quotient A — ► A/Q. This quotient is 
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important in classical Yang-Mills theory; the equivalence classes of A/Q are 
physically observable, while individual members of A are not. This distinction 
has led to complications in Yang-Mills theory, such as the Gribov ambiguity 
(see H, [IS], EH], for example). 

In [16j . Narasimhan and Ramadas considered the Coulomb connection on 
the quotient A k — > A k /G k+1 , where A k and Q k+1 are certain Sobolev spaces of 
generic connections and gauge transformations, respectively, of the trivial SU (2) 
principal bundle over S 3 (note that the Coulomb connection is a connection over 
a space of connections A k of the bundle S 3 x SU{2) — ► S 3 ). They showed that 
in this case the image of the curvature form of the Coulomb connection at the 
Maurer-Cartan connection is dense in the gauge algebra. Since the image of the 
curvature form is contained in the holonomy algebra, this fact implies that the 
restricted holonomy group of the Coulomb connection is dense in the connected 
component of the identity of Q k . They described the physical ramifications 
of this density, and call it a "maximal ambiguity" in reference to the Gribov 
ambiguity. 

Here we are interested in the Coulomb connection when the principal bundle 
P is over a compact manifold M with non-empty boundary, and the structure 
group K is a compact subgroup of SO(m) or SU(m). This bundle need not 
be trivial. In this with boundary case, we will want our connections to satisfy 
Dirichlet boundary conditions as defined by Marini in [13) . In this case, we 
see that, unlike in the case found in [16j . the image of the curvature form of 
the Coulomb connection cannot be dense in the gauge algebra at any one fixed 
point. Indeed, we will show 

Theorem. Let M be a compact n-dimensional manifold with boundary with 
n > 2 and let Va be a connection of Sobolev class k for an integral k > n/2 + 1 
that satisfies Dirichlet boundary conditions. Define a set Ca as 

Ca = Span(Im(7?.^)) J 

where TZa is the curvature of the Coulomb connection at V^. Let Q^ll be 
the gauge transformations of Sobolev class k + 1 that satisfy Dirichlet bound- 
ary conditions. There exists a bounded nonzero operator Ta ■ \Ae{Qj^} ) — ► 
L^_s(tp\eM) such that C a C ker(TA), and thus Ca cannot be dense inlAe(Qj^^). 
This linear map is given by 

T A {f) = d A A A f + 2(n - l)HA A f, 

where H is the mean curvature of the boundary of M . 

The above theorem will be restated as Lemma [10] and Theorem [11] of Sec- 
tion 13.31 While the image of the curvature form TZa at a fixed connection Va 
may not be dense, the holonomy algebra may still be dense as the span of TZa 
for a fixed connection \7a is not the entire holonomy algebra (indeed, this is 
not even an algebra). The denseness of the gauge algebra was the physically 
relevent result of Narasimhan and Ramadas, and this denseness will still hold 
in at least one specific case despite the presence of a boundary and Dirichlet 
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boundary conditions. 

Theorem. Consider the trivial principal bundle O x K — > O , where O C R" 
is a bounded open set with smooth boundary, n > 2, and K is a compact subset 
of SO(m) or SU{m). The linear space spanned by the curvature form and its 
first commutators at the flat connection generates all C°° elements of the gauge 
algebra. Furthermore, the restricted holonomy group of the Coulomb connection 
is dense in the connected component of the identity of Gj£r ■ 

The above theorem will be restated as Lemma [T7] and Theorem [TH] in Sec- 
tion [331 

This paper is a condensed version of the author's doctoral thesis [5]. One 
difference is that in [§] only dimension 3 is considered, while in this paper we 
consider any dimension n greater than 2. Certain arguments that are omitted 
or shortened in this paper can be found in [9] for the specific case of n = 3, 
and where appropriate a reference to [9] will be given if more detail can be 
found there. However, please note that some of the notation has been changed 
between the thesis and this paper. 



2 Background and Notation 

2.1 The Differential Geometric Setting of Yang-Mills The- 
ory 

The differential geometric set-up of Yang-Mills theory can be found in [2] . Here 
we give a brief review as well as establish notation. 

Let M be a compact oriented n-dimensional Riemannian manifold with 
boundary for n > 2, and let P — > M be a principal bundle with a semisimple 
compact connected structure group K. We also assume that K acts faithfully 
on a finite dimensional real (or complex) inner product space V by isometries, 
and thus we view K as a compact matrix group and a subgroup of SO{m) (or 
SU(m), respectively). The natural action of K on V := W n (or V := C m ) 
induces a vector bundle E := P x^V (for the definition of these associated 
bundles, see Chapter 1.5 in [11]). K also acts on itself and its Lie algebra 
t via the adjoint representation, and thus we have the corresponding bundles 
K P := P x K K and t P := P x K t. 

Note that ip is a vector bundle, while Kp is not. However, both tp and Kp 
are subbundles of the vector bundle End(y)p :— P Xk End(V r ), where again K 
acts by the adjoint action. 

Recall the exponential map exp : t — > K. Since Ad (fc) o exp = expoAd(fc), 
for any k € K, we have an induced map exp : tp — > Kp. 

As End(F) acts on V in an obvious way, fibers of End(V^)p act on fibers of 
E. Viewing tp and Kp as subbundles of End(F)p, fibers of tp and Kp also 
act on fibers of E. Similar reasoning also tells us that given two elements 0, ip 
in the same fiber of tp, the Lie bracket [</>, i/j] is well-defined. 

A Koszul connection on E induces a Koszul connection also called V^ om 
on Hom(i?, E) (see [2], [5] for more background on V^° m ). Often, we will write 
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Va for V^ om if it is clear we are using this induced connection. The connection 
yffom i nc j uces a connection on tp, and allows us to calculate V a9 for 9 & F(Kp). 
Note that V ' a9 is not necessarily a section of Kp, but a section of Hom (£7, 

Of special interest is the trivial bundle P := O x X — > (5, where O is a 
bounded open subset of M n with smooth boundary. In this case, the induced 
bundles J5, tp, and Kp are also direct products of the appropriate sort. For 
example, E = O x V — > O. In this case, the /Zai connection on P is the 
Ehresmann connection whose kernel is the tangent bundle of O embedded in 
the tangent bundle of O x K. Using parallel transport, one can check that the 
Koszul connection Vo induced on the product bundle E is given by 



where da is the standard exterior derivative. Thus we will often use Vo and d 
interchangeably and call them the flat connection on E. 

We are only concerned with connections V a on E that are induced by con- 
nections on P. Such connections are called K -connections, and one can show 
that V a is a if-connection if and only if the local connection form is t-valued. 

As a vector bundle, we may equip tp with a metric. Any Ad-invariant inner 
product on t will induce a Riemannian metric on tp. In particular, we can use 
the trace inner product (A,B) = tr(A*B) to induce a metric on tp. We now 
view tp as equipped with the metric induced by the trace inner product on t. 
Similarly, we equip the bundle End(V)p with the trace inner product. 

For any vector bundle £ over M, we may consider the associated vector bun- 
dle Hom( A 3 (TM), £) for any j > 1 and define Hom(A°(TAf), f) := f. We call 
sections of Hom(A- J (TM), £) ^-valued j-forms, and generally call them vector- 
valued forms. We denote these sections by (£) . Any connection on £ induces 
a connection on Hom(A 3 (TM),^) that involves the Levi-Civita connection on 
M. See [3] for more about these forms and the induced connections. 

There are certain operations we will like to define on forms. Given any 
a € f2 1 (tp) and <j> £ T(tp), we define the 1-form [a, <f>] by 



for any X £ TM. Also, given any a, f3 £ fi 1 (tp), we define the product [a- (3] £ 
r(tp) in the following way: Suppose locally a = '^2 i aidxi, and (3 = '^2 i Pidxi, 
and the associated metric tensor is </y. Then, we set 



noting that < dxi,dxj >= g lJ where the matrix (g lJ ) is inverse to (<?y) . One 
can verify that this globally defines [a ■ 0] as a section of tp. 

We will often be looking at the difference between two JC-connections, and 
the following will be useful in looking at such differences. If V Ai an d Va 2 are 
two if-connections, using the local characterization of i<T-connections, one can 



V cr = da, a £ T{E) 



[a,cP}(X) = [a(X)^}, 




(1) 
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show that the difference — Va 2 is a tp-valued 1-form. Furthermore, if we 
set a := — Va 2 > we have for any G T(fip) 

(vr-vDw =[«^i- ( 2 ) 

Similarly, if /3 G f2 1 (tp), one can show that 

((Vf™)*-(V£™r)(/3) = (3) 

The previous two equations are ubiquitous in what follows. On sections we have 
d>A = and on 1-forms we have d* A = (Va)*- We will use both notations in- 
terchangably on these respective domains. The curvature Ra of a ^-connection 
V a is a ip- valued 2-form. 

Using |2]), one can show that a if-connection V^ om is compatible with 
the metric on End(V)p induced by the trace inner product. Furthermore, a 
if-connection \7a on E and the Levi-Civita connection on M induce a con- 
nection on Hom(A J (TM), tp) that is compatible with the induced metric on 
Rom(AP (TM),t P ). 

2.2 Dirichlet Boundary Conditions and Sobolev Spaces 

We define Sobolev spaces of sections of vector bundles as Palais does in [T?] . 
Using the notation of [T7], the space is the space of sections of £ with 

k Sobolev derivatives under the LP norm, and L^,(^)° is the completion of 
Cc°(£lint(M)) m the L\ norm. As usual, we define H k (£) := L\{£), where 
the latter notation is what [T7] uses. Also converting from Palais's notation, we 
set H$(p :=Ll(0°. 

Marini in [13J defines Dirichlet boundary conditions on Sobolev spaces, which 
we will denote H\, ir (Hom( A 3 (TM), £)) for appropriate vector bundles £. Specif- 
ically, we define the Dirichlet Sobolev space _ff|j ir ,(Hom(A J (TM), £)) for k > 1 
as 

H k mr (Hom(A>(TM),0) ~ {a G H k (Hom ( A'' (TM), £)) : i*(a) = 0, 

where t : dM — » M is the inclusion}. 

Since fc > 1, a|aM is defined in the trace sense, so l*(ol) is defined almost 
everywhere. Note that i*(a) = is equivalent to saying that a vanishes on 
wedges of vectors X\ A ... A Xj, where all Xi are tangent to dM. For a 0-form 
a (i.e. a section a), L*(a) = if and only if a\dM = 0. Hence, we see that 

H k Dir (0=Hi(0nH k (Z), k>l. (4) 

In what follows we use k > n/2 + 1 where k is an integer so we can use the 
multiplication theorem of Sobolev spaces for H k ~ 1 (see Corollary 9.7 in [T7]). 

Since we will be using Dirichlet boundary conditions, we need a fixed smooth 
connection Va - Set 

C k Dir ,A ■= Va + H k mr (Rom(TM,t P )). 
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Note that all the connections in C% irAo will be equal to Va in tangential di- 
rections on the boundary. Also C\, ir Aq is an affine space and is therefore a 
C°°-Hilbert manifold. We will call any connection C°° -smooth (resp. H k - 
smooth, U 'smooth) if V A -V Ao G C°°(Rom(TM,tp)) (resp. G H k (Rom(TM, tp)), 
L p (Hom(TM,ip)). Note that if V 'a is C°°-smooth, then it is a Koszul connec- 
tion in the usual Riemannian geometry sense. 

The sections of Kp are the gauge transformations. The Sobolev regularity 
and boundary conditions we will need is set in the following definition: 

Definition 1. Let V a q be a fixed smooth i^-connection on E. Let g G 
H k+1 (Kp), with g\dM = e, where e is the identity on K. Then we say that 
g G Gjyjli ano - ca ^ &Dir ^ ne (Dirichlet) gauge group. 

The Sobolev space H k+1 (Kp) is defined as in [15 as the completion of 
smooth sections of Kp in the norm H k+1 (End(V) p) . This completion without 
the boundary conditions we will call G k+1 , as it is called in [15] . 

Proposition 2. For k > n/2 + 1, the group Gj^l is a Hilbert Lie group whose 
Lie algebra is identifiable with H^^iftp). 

Proof. As proven in [T5J, Q k+1 is Hilbert Lie group. Since Gp^r ' s a closed 
topological subgroup of G k+1 , it carries a topology. To give Gixr Hilbert co- 
ordinates in a neighborhood of the identity we show that the exponential map 
takes H^Htp) into Q^Z an d is a local homeomorphism at 0. In [T5J it is 
shown that exp is a C°° local diffeomorphism exp : H k+1 (tp) — ► Q k+1 without 
boundary conditions. Hence, we need only show that exp maps Hj^(tp) into 
Geht-i ano - ^ or a neighborhood U of the identity in Q k+1 , exp -1 = log maps U 
mtoH k +l{tp). 

To prove the first assertion, let / G H^(tp). Since k + 1 > n/2 + 2 
we have / G C 2 (tp) with f\dM = 0. Then if g := exp(f), we have that 
g 6 C 2 (Kp) C C 2 (End(y)p), and #|aM = e, where e is the identity element of 
K, proving g €Q%g. 

To prove the second assertion, since exp : H k+1 (tp) — > ^ fe+1 is a local 
diffeomorphism between the spaces without boundary conditions, we need only 
show that for small fi G i? fe+1 («p), if := exp(^) G then fx G H^O^). 

Note that sup|/z| < C||/z||^yfe+i. So for small enough we can use the 

fact that the "pointwise" map exp : t — > K is local diffeomorphism at to say 
that since g\dM = e, we have /x|aM = 0. Since /j, G -ff fc+1 (Jp), this vanishing on 
the boundary implies that (j, G H&(l P ) n H k+1 (t P ) = fl^t 1 (t F ). 

To give £r>i~? an atlas, we transport these coordinates via right translation 
as is done in [15]. □ 

^Dir ac * s 011 A on ^ ne right in the following way. Suppose that we 
have a 1-form n G fZ£> ir ,(Hom(TM, fip)). Then the action is 

(Va +v)'9 = Va + (s-^aTq + Ad^- 1 )^). (5) 
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By the same reasoning as found in [T5], this action is smooth. Note that for 
(Va + v) ' .9 to remain in Cp irAa , we need to have 5~ 1 V^° m g satisfy Dirichlct 
boundary conditions. The following proposition shows that this is the case. 

Proposition 3. Let k > n/2 + 1 and suppose g G Qjy^ ■ Then we have 
g- l V Ao g G H^ ir (Hom(TM,t P )), 

Proof. Let g G Since .g G H k+1 (K P ), there exist smooth ffm G H k+1 {K P ) 

such that g m — > g in i? fe+1 (End(V)p). It is shown in [TS] that inversion is 
continuous on Q k+1 . Hence, (g m ) _1 — * g 1 hi -ff fe+1 (End(V)p). Since Va 
is a smooth /^-connection, we see that fl'^ 1 V^ om 'g m € J7 1 (6p), and by the 
multiplication theorem, 

llff V A 9-9 m VA 9rn\\H" < I Iff V^ 5 ~ 5m V A 5llff fc + 

< C(|| ff - 1 - 5 - 1 || H , +1 ||Vf om 5ll^ + 

llfl , m 1 ||H*+ 1 Hfi , m - ff||frfc+0 -> 0. 

Thus, g~ 1 ^X m 9 G H k (Rom{TM, t P )). 

We now show that g _1 Vf° m g G if|, iT .(Hom(TM, t P )). Locally, we have 

Vyi = d+ Aq, where Aq is a C°°-smooth 6- valued 1-form. Let X be a tangential 

direction at a boundary point. Since g = e on 9M, we have dg(X) — 0. Also on 

the boundary, [Ao(-X"), g] — [Ao(X),e] = 0, since e commutes with everything. 

Hence, globally, i*(Vf o om g) = 0, and thus t*(5 _1 Vf o ° m 5) = 0. This proves that 
g -iyHo mgeH k mr{R ^ ni{TMip) y " n 

Using Dirichlet boundary conditions gives us a Sobolev-Poincare inequality. 

Proposition 4. Let oe a L q -smooth connection on a vector bundle £ — > M 
compatible with the metric on where q > n. Then there exists a n p > smc/i 
i/ia£ /or any / G urei/j 1 < p < n, we have 

\\f\\v < Kp\\V Af Wis, (6) 

where n p does not depend on the connection, but does depend on p. 

Proof. This is done for real-valued functions by a standard Poincare inequality 
argument that can be found in, for example, [5] and |10) . This shows that there 
exists a k p > such that 

\\g\\ LP < Kp||dff||zj>, (7) 

for any g G L\{M x R)° where MxR-tMis the trivial vector bundle. (The 
references above prove (J7]) for real-valued functions g. But real-valued functions 
on M and sections of M x K are the same.) 

Now let / G Co(CIm); wnere M is the interior of M. Then the function |/| is 
globally Lipschitz, so by Lemma 2.8 in [TO] we have |/| G L\(M x M). Since |/| 
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is continuous and on dM, Theorem 5.5.2 in [5] tells us that |/| e L\(M x M)°. 
Hence, ([7]) yields 

II/Ulp < n p \\d\f\\\ L p < K p \\V A f\\ LP . 

The second inequality is Kato 's inequality. This inequality only requires that 
V a is compatible with the metric. For a proof of this inequality, see |18j . Since 
Cg(^|^) is dense in L^(£)°, the proposition has been proven. (The condition 
q>n ensures that Va/ € L p ). □ 

The Sobolev-Poincare inequality immediately tells us 

Corollary 5. For k > n/2 + 1. the action of on C^ irAo is free. 

Proof. Suppose V Ao + i] G C k Dtr Ao , g G Q%£, and {V Ao + v) • 5 = V A + By 
((5]), this means that 

By ©, we have 

ll5-e|U 2 <« 2 ||(Vf Q om +v)9h>=0 
Since g is continuous, the above shows g = e and thus the corollary is proven. □ 

The freeness of this action allows us to directly use C^ ir Aa and instead 
of so-called generic (or irreducible) connections and modified gauge groups as 
found in [15], [E], and [Hj. 

Given a 7^-connection Va € Cp ir Ag , we can define the Laplacian 

A A = V A V A = d* A d A : HZpObp) - H m -\t P ) for 1 < m < k. 

The regularity is correct by the following: Since V^o is a smooth connection, 
clearly A Ao is a bounded map from H m+1 into H m ~ x . Suppose h — X7 A — Va & 
Hp ir (tp). Recalling equations © and (O and the comment following them, for 
/ G H m+1 we have 

A x / = A A J + [d* Ao h, f)-[h- [h, /]] - 2 [ft • <fc /]. (8) 

So, we have (allowing || • ||j to denote the H i norm) 

||A A /|| m _x < ||A Ao /|| m _ 1 + ||[^ o ft, /]|| m _ x 

+||[/i-[/ l ,/]]|| m _ 1 +2||[ft-d Ao /]|| ro _ 1 

< HA^/IU-x + Cdld^/ilU-ill/IU-x 

+||ft|| fc ||[ft ) /]|U-i + 2||/ l || fc ||^ /]|U-i) 

< IIA^/IU-r + CdlftlUH/IU^ 

+||ft||2ll/IU-i + 2|HU||/|U)<oo, 

where we used the fact that f/™ -1 is a H k ^ 1 module, which is the case since 
k — 1 > m — 1 and k— 1 > n/2 (this is a critical point where we need k > n/2 + 1 ) . 
Thus, A A is bounded from H^ilp) to H m - l ($ P ). Furthermore, we have 
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Proposition 6. Let Va G C Dir Aq for an integer k > n/2 + 1, and suppose 1 < 
m < k. Then the mapping A A : H^itp) -> H m - 1 (l P ) is an isomorphism. 
Furthermore, iff G H 2 Dtr {t P ) and A A f G iF"" 1 ^), tfiera / G i^+^p) and 

||/|| ffm+1 < CQ\A A f\\ Hm -i + H/ll ho). (9) 

We set Ga '■= {Aa)^ 1 and call it a Green operator. 

The proof of the existence of Green operators follows from variations of 
standard argument for weak solutions to elliptic equations that can be found in 
jS] and [Hj- We omit the details although they can be found in [S]. Nominally, 
the proof in [5] is for n = 3. But replacing "3" with "n" in the proof gives the 
general result. 

We emphasize here that every connection Va G C Dir A has an associated 
Green operator. We need not restrict our space of connections in this with- 
boundary case since we are imposing Dirichlct boundary conditions. 



2.3 The Quotient C k DirAo -> C^/Sfc 1 
Ne are now : 

nk IC k+1 
^Dir,A l y Dir 



,Ao Dir,Ao J 

„i- , „f +i,„ — nk 

ir,A 



We are now in a position to consider the structure of the quotient 



fc+i 

Dir 



Proposition 7. Let k > n/2+1 for an integer k. The guotient space C Dir A /G 
is a C°° Hilbert manifold, and n : C Dir A —* C Dir A / Q D + ^ is a principal bundle 
with structure group Qjy^- 

The proof is a straightforward adaptation of the no-boundary case of Mitter 
and Viallet in [15 . Others have proven similar statements in more specific 
situations (see p], [16], and [Hj). Since the techniques for proving Proposition 
[7] are very little changed from those employed by the above authors, we omit the 
proof. However, for those interested in the proof, it is in [9]. Again, the proof 
in [S] is nominally for n = 3, but an examination of the proof shows that the 
dimension is not mentioned and the only relevent contribution of the dimension 
is that we have k > n/2 + 1 as we have here. Thus, the proof works for the 
n > 2 as well. We again note that with our Dirichlet boundary conditions on the 
connections and the gauge group, we need not restrict the space of connections to 
generic connections nor restrict the gauge group further. This situation is unlike 
the no-boundary situations as found in [T], [TB], and [IS] ■ Also, the presence of 
the Sobolev-Poincare inequality of Proposition [4] leads to some simplifications 
of the arguments. 



3 The Coulomb Connection and Its Holonomy 

Since the bundle C Dir Aq — > C Dir Ao /Q D + ^. is a principal bundle, we can consider 
holonomy groups of a fixed connection upon it. The connection we will consider 
is the Coulomb connection whose connection form at Va is defined as GAd* A . 
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The corresponding horizontal subspace at we will denote as Ha- Note that 
since C k DirAo = V Ao + ff|, ir (Hom(TM, t P )), the tangent space at V A € C k DirAa 
is 

ff£ ir (Hom(TM,e P )). One can verify that H A is 

H A = {a e H% ir (B.om(TM, l P )) : d* A a = 0}. 

This connection is natural in the sense that H A is the L 2 orthogonal com- 
plement to the vertical vectors at V a- Indeed, one can show that given 7 € 
Lie(^+ 1 ) = H^{Bom.(TM,t P )), the fundamental vector field associated to 7 
is cZa7- Hence the vertical vectors are those vectors of the form djci for some 7 € 
Lie^^!) (see [5] or [H]). By the same reasoning as the proof of Lemma 7.1 in 
[Ttj] , the Coulomb connection is indeed a connection on C^ ir A — ► C^j r A / Qj^l ■ 
The principal tool of our study of the holonomy group of the Coulomb con- 
nection is the image of the curvature form of the Coulomb connection. Let 
1Z A be the curvature form of the Coulomb connection at V^. By the same 
calculation in the proof of Lemma 7.2 in [16] , we have 

K A (a,/3) = -2G A ([a-P}), foTa,p€H A . (10) 
3.1 Coordinates at the Boundary of dM 

In this investigation, certain types of coordinates at the boundary are useful. 
Consider the following system of coordinates at the boundary that satisfy the 
following: 

Al. d/dx n is orthogonal to d/dxi, . . . , d/dx n _i on the boundary. 
A2. d/dx n has norm 1 everywhere. 

A3, d/dxn is the inward pointing unit normal vector on the boundary. 

We describe such a coordinate system as Type A. They have been constructed 
in [M] and [19] , We also will use a similar coordinate system such that 

Bl. d/dy n is orthogonal to d/dyi, . . . d/dy n -i everywhere. 

B2. d/dy n is a positive (perhaps nonconstant) multiple of the inward pointing 
unit normal vector on the boundary. 

We call such coordinates Type B. A detailed contruction of these coordinates 
can be found in [S]. In what follows, we will use {xi, . . . ,x n } to denote Type 
A coordinates and G = (g%j) to denote the associated metric tensor. For Type 
B coordinates, we use {yi, . . . ,y n } and H = {hij), respectively (we use H to 
distinguish this matrix from the mean curvature of the boundary, which we will 
denote H). 
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3.2 Mean Curvature of the Boundary and Coordinates 

We will see that the mean curvature H of the immersion l : 8M — ► M will 
come into play in our investigation of the image of the curvature form. (For the 
definition of mean curvature, see, for example, [1]).) It will be useful to have a 
characterization of H in our Type A and Type B coordinates. 

Proposition 8. Consider the mean curvature H of the immersion i : dM — > M. 
Let {xi, . . . , x n } be Type A coordinates with metric tensor G = (gij). Then H 
can be written as 

1 dct 1 

H(x 1 , . . . ,x„_i) = — (x 1 , . . . ,x„_i,0) • — — , (11) 

n — lox n a(xi, . . . ,x n -i,0) 

where a :— \/det(gjj)Q 

Proof. Let T 7 ^ be the Christoffel symbols corresponding to {xi, ... ,x n }. Since 
the connection we are considering is the Levi-Civita connection, we have 

(see, for example, [3]). By our choice of coordinate system, we have 

„ In (n— l)n n 

9ln = ■■■ = ff( n -l)n = 9 = ■ ■ ■ = 9 ' =0 

on the boundary and , . . . , ^-^ — are tangent to the boundary. So on the 
boundary we have for i < n 

n-i 



Using a Laplace expansion on the bottom row of G, we also have 

n 

det(G) = ^(-l)"+ fc 5 „ fc • det(G(n|fc)). (13) 

k=l 

Above and in what follows, G(i\j) is the (n — l)-by-(n — 1) matrix obtained 
from G by deleting the i th row and j th column. On the boundary, for k < n we 
have g n k = and det(G(n|fc)) = 0, since the last column of G{n\k) is all zeros. 
Also, g nn = 1 everywhere by our choice of Type A coordinagtes. Using these 
preceeding facts, we apply the product rule to (fTB")) to get 

— det(G) = — det(G(n\n)) on dM. (14) 
ox n ox n 

Define a set of permuations Sl^ J _ 1 as 

S^ii = {cr e S"„-i : cr(i) = j}. 



1 For those also reading [9] the H denned here is 1/2 times the r defined in [9]. 



11 



Then S^'ii is isomorphic to S n -2, and if a £ S l r f_ 1 corresponds to a £ S n -2, 
then one can show that 

sgn(a) = (-l)^)sgn(a). (15) 

Indeed, one can prove (|15p by considering the permuation matrix of a (the 
determinant of which is sgn(cr)), and using a Laplace expansion down the i th 
row. Define the (n — l)-by-(n — 1) matrix C :— G(n\n). Combining (|12p ) and 
(THI) we have 

* - -^t|(v*(-^)), 

i n — 1 ^ n — 1 1 n — 1 ^ 

i—1 i—1 j — l 

^ n — In — 1 ^ 

^ > i=l j=l 

^ 71 — 171 — 1 rj 

" 2(„- 1 )de t ( C ) gg^fe"- 1 >" +J ' det < C ( i ^» 

^ n—1 n—1 ^ 

= 2(n-l)det(C) g g J£ 2 ^(w)(-l) (tW) «Wn(ff)euKi) ■ • • • • «3 ■ 

• ■ ■ ' c (n-l)d-(n-l)- 



Inserting (fT5|) to the above yields 



, n—1 n—1 

1 \ - x - x - , a 



H = 2(n-l)det(C)EE E Bgn(a) — ( 5 .)c lCT(1) .....c- 

• ■ ■ ' c (n-l)<r(n-l) 



i ^ a 



E E ^r(S , i -(i))5 , la(l) 



2(n-l)det(G(n|n))f-f c V ax ™ 



r(i) ' 



' 5(n-l)cr(ri-l) 



E ar(5Ml) - -"'»M)ff{n-l)) 



2(n - 1) det(G(n\n)) ^ ^ dx 

= 2(n-l)L(G(n\n)) ^ idet{G{nln))) = 2(n - 1) det(G) ^ (det(G)) 
1 9a 1 
(n — 1) <9x n a' 

as desired. □ 
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We can also write H in terms of Type B coordinates: 

Proposition 9. Consider the mean curvature H of the immersion i : dM — > M. 
Consider Type B coordinates {y\, . . . , y n } with metric tensor H = (hij). Then 
H can be written as 



n - 1 



where b := ^/det(/iy ) onrf !/ is i/ie wmi inward pointing normal vector. 

Proof. One can use a coordinate change between Type A and Type B coordi- 
nates (see the n = 3 case in [9]). Or, one can proceed similarly as the proof of 
Proposition^ Indeed, we have a similar chain of equations from the proceeding 
proof. Below we write a shortened list of equations where the steps that are the 
same in the Type A case are omitted: 

_l n — 1 

H = - 



1 n — 1 n— 1 q 

pr — n— in— l ^ 



2(n-l)det(#)^^%. 

^ - j-(det(g(n[n))) 

2(n - 1) det(ff) cty„ v v y 1 J " 

Vh^ d ( det{H) \ 
2(n - 1) det(ff) \ L J 



2(n - 1) det(jff) \ L / 



^ i v '™ — i r^- 
ri — 1 \ \vh 



n n 



as desired. Twice above (once in the beginning and once at the end), we used 
the fact that ^ ^ = v. □ 

3.3 The Image of TZ A 

We now use mean curvature of dM in the following lemma, which relates H 
and the image of the curvature form. 



Lemma 10. Suppose M is an dimensional manifold with boundary, k > n/2+1 
where k is an integer, a, /3 G Ha and Va € C\, ir A . Then 

d A [a ■ 0\(u) = -2(n - l)H[a ■ [3] on dM, (16) 
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where v is the unit inward pointing vector field and H is the mean curvature of 
the boundary. 

Since k — n/2 > 1, note that [a ■ 13] is G 1 , and thus d A [a ■ 0\ is continuous. 
Hence, the above equality is true not just in the trace sense, but as an equality 
of two continuous functions. 

Proof. We will use Type A coordinates {x\, . . . , x n }, and assume that the vector 
bundle tp is also trivialized in this neighborhood. Recall that the metric tensor 
in this coordinate system has the feature that g^ n = Si n on the boundary, and 
g nn = 1 everywhere. Thus, g m — <5 jn also on the boundary. Also, g|- is the 
inward pointing unit normal vector on the boundary. Take a, (3 as above and 
define ai and /3j so that a = J^ i=1 ctidxi and j3 = Y^i=i Pidxi- Since we are 
assuming tp has a fixed trivialization in our neighborhood, we can view the cti 
and Pi as 6-valued functions. Also, since is the inward pointing unit normal 
vector and a, (3 satisfy Dirichlet boundary conditions, we have 

on = j3i = for i < n on dM. (17) 

Let d be the flat connection with respect to our fixed trivialization of tp and de- 
fine a 6- valued 1-form A so that dA — d + A. Define Ai so that A = ^™=i Aidxi. 
On this coordinate patch, we have 

n n 

[a- (3] = [<Xj,Pk](dxj -dx k ) = ^ [a j ,0 k ]g jk - (18) 

3,k=l j,k=l 

Taking the derivative dA yields 

n 

d A ([a-(3)) = ^d A (K-,W fe ) 

n 

= J2 IMaj), W k + [ aj ,d A (f3 k )]g^ + [a jt faW) 

3-k=l 

By the properties of Type A coordinates and by (fTT)) , on dM the above reduces 
to 

d A ([a- (3])\ dM = [d A a ni f3 n ] + [a n ,d A f3 n ] + [a n , (3 n ]d(g nn ). (19) 

Using the adjoint matrix, we see that 

nn _ det(G(n\n)) 
9 det(G) ' 

Combining the fact that det(G(ra|ra)) = det(G) on dM and (HU) yields 

dg nn (gf- det(G(n|n))) det(G) - det(G(n\n))(£. det(G)) 

9^7 = det(G) 2 (20) 

= on dM. (21) 
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Hence, we have 

d A {[a- (3})\ dM {-£-) = [d A a n (^-),p n } + [a n ,d A (3n(J-)}- (22) 
ox n ox n oXji 

We will leave d A ([a • P])\dM for the moment and investigate what d* A a = 
d* A (3 — means in our coordinate system. We will calculate d* by using the 
Hodge star operator. Set a :— y/det(G) = 1 / \J 'det(G _1 ) . Using the boundary 
properties of the a^s, Pi's and g IJ 's, we have 



-d*a = *d * a i^ x ij 

= *d I a (-l) j+1 aig jl dxi A ... A dxj A ... A dx ri 



= *(da) ^ (-l) J+1 aiSf J *dxi A ... A dxj A ... A efe„ + 



™ Q \ 

^ dx"^ 5 ^ * ^ adXl A ■ ■ ' A da; ") 

y«,i=l * / 

= *[(da)(-l)" +1 a„ 5 ""dxi A ... A dx n _i] + /-(a„) 5 n " + 

dci 1 d d 

= t. * {adxi A ... A dx„) + -—{a n )g nn + a n -—{g nn ) 

ox n a ox n ax n 

da 1 + don g „ n 
dx n a dx n ' 

where we used (|!20|) on the last line. Since d* A a = d*a — [A - a], we have, 

- d A a\ 9M = j. h-^ — a n + [A-a\ (23) 

da n 1 da r a . . . 

= dx- + adx~ an + [An ' an] ' (24) 

where we used (fTT)) and (fT5)) (replacing /3 with A) in the last line. Of course, 
an analogous statement holds for replacing a. 
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We now revisit and insert (53]): 

d A([a ■ 0\)\dM(v) = [d A a n ,(3 n ](d/dx n ) + [a n ,d A f3 n ](d/dx n ) 
= [^,dn] + [[A n ,a n ],p n ] 
d(3 n 

+K, -q^-] + [<Xn, [An,Pn]] 
X dd 

-[<*„, -jr~Pn + [A n ,(3 n ] + d* A f3] + [a n , [A n ,f3 n ]] 

= — [a n ,P n ] - [d* A a,0 n ] - [a n ,d* A /3] 

a ox n 

= -2(n- l)H[a-0\\ dM - [d* A a,p{v)] - [a(v),d* A 0] 
= -2{n-l)H[a-(3]\ aM . 

where we again used (|18p on the second to last line, as well as the fact that 
a, (3 € H A . The lemma is thus proven. □ 

For future reference, we rewrite the second to last equation above 
d A Qa'0\)\ BM (v) = -2{n-l)H[a ■ 0\\ OM - [dT A a t P{v)] - [a{v),d* A 0\, (25) 

and note that it holds even if neither a nor /3 is horizontal. 
Define a linear map 

T A :Lie(S*+!) L 2 k _ Li (tp\ d M) 

given by 

T A {g) = d A A A g{v) + 2(n - l)HA A g. (26) 

To justify the target space, recall that Lie((?£,+?) = H^^(tp). So, for g £ 
Lie(£^t!), we have d A A A g e H k ^ 2 (i P ). By Theorem 9.3 in [T7], the restriction 
map from H k ~ 2 (ip) = L 2 _ 2 — > L 2 k _ k is continuous if fc — | > 0. From our 
assumption that k > % + 1, we have for n > 3 

5 n — 3 

k - t; > — s~ > °- 
2 2 ~ 

If n = 2, since fc is integral, the condition k > | + 1 forces A; > 3, and thus 
fc- | > | > 0. Thus, for n > 2, we see that T A is well-defined and a continuous 
operator. Define a set C A C Lie(<?^t!) as 

£ A := Span{^ A (a, /3) : a, ft £ H A } (27) 

The previous lemma yields 
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Theorem 11. The set Ca is contained in ker(Tx). In particular, since Ta is 
not identically 0, we have that Ca is a proper subset of Lie(tJ^ ) | r 1 ) (where the 
closure is taken in the H k+1 norm). 

Proof. For g £ Ca, we have g £ ker(T^) by the equation (fTU)) and Lemma 
M □ 

This theorem shows that the image of the curvature form of the Coulomb 
connection at one fixed connection Va can never be dense in the gauge algebra, 
unlike the case in [16] . 



3.4 The Smooth K A and ker^) 

While Theorem [TT1 shows that Ca cannot equal Lie(0£>| r ), the closure of the 
algebra generated by Ca still may equal Lie(<7^+!). Indeed, equation fTo]) is not 
closed under brackets as we will show in Proposition 1151 In investigating the 
algebra generated by Ca, we will restrict our attention to C°° functions. Since 
C°° functions are dense in our Sobolev spaces, we do not lose much generality 
in this restriction, although it will give a denseness result rather than a full 
Sobolev space result. So our goal will be to show that Ca n C°° algebraically 
generates Lie((?£,+?) n C°°. If this is the case, then the closure of the algebra 
generated by Ca will be all of Lie(£^t!). 

We will show that C A n C°° does algebraically generate Lie(<?£t! ) n C°° , and 
thus the closure of the algebra generated by Ca will be all of Lie(£/j^), in the 
certain case where P is the trivial bundle O x K — > for a bounded open set 
O C R ra with smooth boundary and where the base connection Va is the flat 
connection. In this case, Kp is isomorphic to O x K — > O, and tp is isomorphic 
to O x I — * O. We can view gauge transformations g as K- valued functions 
on O, gauge algebra elements if) as t- valued functions, and ?p-valued forms as 
I- valued forms. 

As in Section 12. 1[ we denote the flat connection as Vo . This means we 
should denote exterior differentiation by do, but since Vo = d (as asserted in 
Section |2.1[) . we will instead simply use d without a subscript. Similiarly, we 
denote dg by d*. 

Our first step in showing that £onC°° algebraically generates Lie(^| r 1 )nC 00 
is to prove a converse to Lemma flOl that is, we will show that 

ker(T )nC°° = C Q D C 00 . 

To do this, we will consider slightly different sets than ker(To) and Co. Con- 
sider the operator T : H k ~ 1 (tp) — ► L\ 5 (IpUm) given by 

K 2 

f (f) = df + 2{n - l)Hf. 
Also, consider the set Co defined as 

Co := Span{[a ■ j3\ : a,/3 € H }. (28) 
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If / = Ag, note that / £ ker(T ) if and only if g £ ker(T ), and / e £ if 
and only if g £ Co since A : — > H k ~ 1 is an isomorphism. Thus, we have 
ker(To) n C°° = £ n C*°° if and only if ker(f ) n C°° = C n C°° . We will prove 
the latter. 

First we look at neighborhoods of the boundary of O and show that all the 
smooth ^ that satisfy the boundary condition of Lemma [10] are in Co H C°° . 

Lemma 12. Let O C K" be open and bounded with a smooth boundary and 
suppose P = O x K — > O . Let U Q O be open in the subset topology. Sup- 
pose that U includes a part of the boundary dO, admits the Type B coordinates 
{yii ■ ■ ■ > yn}> and is the cube (0, S) n ~ 1 x [0,6) under these coordinates. Let 
* £ ker(fo) n C C °°(C/; 6). Then * £ Co H C C °°(C/; J). 

In what follows, we shorten "Dirichlet boundary conditions" to DBC. Also, 
viewing J7 as the cube (0,<5)™ _1 x [0,6), a function / 6 C^°(U) has its support 
contained in (e, 6 — e) n_1 x [0, 6 — e) for some e > 0. The point is that / need 
not vanish on the boundary {y n = 0}. Lastly, the set C%°(U;t)) above is the 
set of all t- valued smooth functions on U with compact support. 

of Lemma\12[ Let {vi} be basis of {. Then we can write ^ = ' v i- Since 

the basis elements are independent and \P £ ker(Xb), we have that dtp^u) = 
—2{n — l)Hipi. Since { is semisimple, each basis element Vi can be written as a 
sum of commutators «j = Y^j=i [fji 9j\- Hence, we can write 'J as 

i j=l 

So without loss of generality we can assume ^ = tp ■ [A, B], where A, B are fixed 
elements of 6 and ip £ C^°(U) and 

dij}{v) = -2(n - (29) 

Coordinatize [/ using Type B coordinates {y±, . . . ,y n } under which the do- 
main is the cube (0, (5) 71-1 x [0,6). Again let b :— y^det^y), where hij is the 
metric tensor of our chart. 

Choose 71,72,73,74,75,76 e K so that supp(tp) C (74, 75)" -1 x [0,7s) and 
< 71 < 72 < 73 < 74 < 75 < 76 < 6. We define a function <f> by setting 

(j)(y y n ) := -I(yx, . . . , y„_ 2 , y n )v{y n -i) + 

h nn {y%, ■ ■ .,y n )b(yi, ■ ■ .,y n ) 2 ^(yi, . . .,y n ), 

where r\ is a bump function with rj £ C^°(72,73) and rj(s)ds = 1, and / is 
defined by 

I(yi,...,y n -2,y n ) = I h nn {y 1 , . . . , y„_ 2 , s, y n )b(yi, . . . , y n -2, s, y n ) 2 
J 74 

i>{yi,---,Vn-2,s,y n )ds. 
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Then is smooth with compact support. However h also has an additional 
property. Using Proposition [9j Equation (|29|) . and noting h nn = l/h nn , we 
have 

oy n oy n oy n 



dy n 



1 dV¥' 



fh™. dy n 



= h nn b 2 

= Oondonu. 

Hence, differentiating under the integral yields 



1 db 

b dy n 



ip + 



dip 
dy n 



dy n 



on dO n U. 



(30) 



Define F : U 



as 



F(Vl,---,Vn) 



Vn-1 



(p(yi,...,y n - 2 ,s,y n )ds. 



Then F is smooth and supp(F) c (74, 75) x (71, 75) x [0, 75) by our construction 
of <p. In particular, the term —I(yi, . . . , y n -2, Un) r l{yn-i) was included in the 
definition of <fi to make F have compact support in the y n -i variable^ Also, 
note that F n _i — <f> (where the subscript n—1 denotes we are taking the partial 
derivative of F with respect to y n _i). Also, by (|3H)) . differentiating under the 
integral sign yields 

F n = on dO n U. (31) 
We now construct another function G : [0, 5] n — > R by setting 

n 

G(yi, . . .,y n ) =Y[vi(yi), 



where each Vi : [0, 5] — > R is constructed as follows: for i < n — 2, V{ € C%°(0, S), 
v i\hi,is] = !) and supp(v l ) C (73,76); "n-i S C%°(0,d), U n _i|[ 74i75 ](x) = x, and 
supp{v n -i) C (73,76); "71 € C~([0,(5)), w„|[ . 75 ] = 1, and supp(v n ) C [0,7 6 ). 
Then 

^ , «-l|(74,75)"- 1 x[0, 75 ] = 1, 

and has compact support in U. One can verify that the support of the product 
F n -i ■ G n _i lies in (74, 75)"~ x x [0, 75), just like the support of tp. Furthermore, 



we have on (74, 75) 



[0,75) 



F n -! ■ G n - X = h nn b 2 ^j, 



2 I thank my advisor, Prof. Leonard Gross, for his ideas in making the integral function F 
have compact support. 
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and thus the equation holds everywhere. Now define 2-forms io\,io 2 as 

Wi = F-A(*' 1 (dy 1 A dy 2 A . . . A dy n _ 2 )) 
lo 2 = G ■ B(*~ 1 (dy 1 A dy 2 A . . . A dy n - 2 )) 

for n > 3, and 

wi = F-Ai*- 1 ^- 1 ) 
uj 2 = G ■ 

for n = 2. Let a := cZ*u/i and (3 := d*uj 2 . Since (gP) 2 = 0, we have d*a = d*(3 = 
0. One can check that 

■ 1 ™ 

*{dyi A ... A dyj A ... dy n ) = {-l) n+J - h i , i dx l . 

i=i 

We have for n > 2 

a = d*(wi) = (-l) 2n+n+1 *d* ( Wl ) 

- * d(.F • A dj/2 A ... A dy„_ 2 ) 

- * ((-l)™- 2 F n _iAd yi A dy 2 A ... A dy n _ 2 A dy n ^ + 
(-l) n - 2 F n Ad yi A dy 2 A ... A dy n - 2 A dy n ) 

1 " 

= — t ' y^-Fn-ifow — Fnhitn-i^dyiA. 

i=l 

Note that in our Type B coordinates we have 7ij„ = for i < n everywhere. So 
since F n = on the boundary by (|3"Tj) . a satisfies DBC Similarly, 

1 " 

j3 = — — ■ y^^(G n -xhj n — G n hj( n -\))dyjB 

and /3 also satisfies DBC. Indeed, as above hj n — for j < n everywhere. Also, 
since v n (y n ) is constant on [0,75], we have G n L 0{ w- lx [ 0T , = 0, and thus in 
particular G n \ go = 0. 

To calculate [a ■ (3], we first note that by the definition of matrix inverses, 
we have 

n 

^2h kj h jt = Sik. (32) 

i=i 
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Using the above, we have 
[a-0\ - j/2 



1 ( « _ \ 

"2 I (Fn-lhin — F n hi( n ^i)) ■ (G n ^ihj n — G n h.j( n _i))h' L: ' I [A, B] 

1 / " 

^2 j Fn-lGn-lhinhjnh^ — F n -iG n hi n hj(n-i)h^ — 

1 / ™ 

^2 ( ^ ^ Ffi— \Gfi— \h%n8jn F n —iG n hi n Si( n _i^ 

\i=l 



FnGn-ih^n^ljSin + i 7 ' n G n /lj(„_ 1 )(5 i („_ 1 ) 

6 2 



— (F n -iG n -\h nn — -Fn-lG n ft-(n-l)ri 



= rj (F n -iG n -ih nn + F„G„/i( n _ 1 )( n _ 1 )) [A, fl], 

where the last line is justified by the fact that = everywhere in Type 

B coordinates. As noted previously, we have G n \, Q ^n-i x r 76 ) = 0. Since 
supp{F) C (74,75) x (71,75) x [0,7 5 ), we have F n \^ s) n-i x[j5A ] = 0. Hence, 
F n G n = 0. So, continuing the above, we have 

[a -13] = ^{F n -xG n -xh nn )[A,B] 

= ^{h nn b 2 ^h nn )[A,B] 
= i>[AB], 

where on the last line we used the fact that hk n — h kn = for Type B coordi- 
nates and thus h nn h nn — 1 by (f32|) . In sum, a, (3 S Ho, and [a ■ /3] = ip[A,B], 
proving * = ip[A, B] e C n G°°, as desired. □ 

Next we check that the previous result holds for functions $ with compact 
support. 

Proposition 13. Let O C K n &e a bounded open set with a smooth bound- 
ary and suppose P = O x K — > O. TTien G£°(0;£) = Span{[a • /3] : a,/3 € 
G c oo (A 1 (0; C)), cTa = d* (3 = 0} c £ n G°°. 

Proof. Given / € C£°(0; 6), one can cover the support of / with finitely many 
cubes, and reconstruct / as a product [a ■ [3] on each cube in a fashion similar 
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to the process of Lemma [T2] The construction here is simpler since boundary 
conditions do not come into play. In particular, one can use the standard coor- 
dinates of K™ whose metric tensor {gij} is of course the identity matrix, greatly 
simplifying the work. Details for the n = 3 case can be found in [S]. □ 

We now combine Lemma [12] and Propostion [13] to get our desired global 
result. 

Lemma 14. Let O C W 1 be a bounded open set with a smooth boundary and 
suppose P = x K -> 0. Then ker(f ) n C°° = C n C°°, and thus ker(T ) n 

c°° = £ nc o °. 

Proof. The backward direction has already been shown in Lemma 1101 For 
the forward direction, suppose / £ kcr(T ) n C°°, and thus satisfies df{v) — 
~2{n — l)Hf on 80. There exists a finite cover {t/fc}fcLo 01 ^ that satisfies the 
following: /7o Q O, {Uk}™ =1 covers the boundary dO and each Uk for fc > 1 is a 
cube in Type B coordinates, and there is a partition of unity {Afc}£L subordi- 
nate to {Uk}™ =0 so that d\k(v) — on the boundary. A construction of such a 
partition of unity can be found in [9] for n = 3 which can easily be generalized 
for n > 2. 

With such a partition of unity, we have d(\]~f)(v) = — 2(n— l)H\^f on dO. 
So, by Lemma [T2l and Proposition [T3] there exists {o^},{/3f} such that each 
q£,# G CTCA^f/fe ® 6)), d*a, fc = d*$ = 0, a, fc ,/3f satisfy DBC, and X k ■ f = 
J27=il a i ' Pi] 011 ^ fe - Extending the af's and flf's by zero, we have Afc • / = 
Xr=iK fc ' € £ n C°°. Since £ is a span, / = X)feLi(A)fc ■ f) £ Co also, as 
desired. So, ker(f ) n C°° = £ n C°°, and thus ker(T ) n C°° = £ H C°° by 
the note in the beginning of this subsection. □ 

3.5 The Generation of the Smooth Gauge Algebra 

In this section we will use brackets of the image of the curvature form to get 
every smooth function in Lie(^"t!) for the special case P = O x K — > O. The 
main tool will be Lemma [Ml The first thing we must do is see how the equation 

d(Ag)(v) =-2(n-l)HAg. (33) 

changes when we introduce brackets. More specifically, recall that if g £ Co, 
then Lemma [14] says g satisfies (|33]) above. We want to know how (|33| changes 
if g is replaced by [g%, g-z], for gi £ Co- Indeed, we have 

Proposition 15. Suppose (71,(72 £ Co- Then we have 

d(A(\g u92 ]))(p) = -2(n-l)HA[g 1 ,g 2 ]+3[Ag 1 ,dg 2 (p)}+3[dg 1 (p),Ag 2 }. (34) 

We state the above proposition for all elements of Co, not just the smooth 
elements because the proposition holds in the general case. However, the use of 
the proposition in this paper will be just for the smooth case. 
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Proof. First note that 

A([ gi ,g 2 }) = [Ag u g 2 ] + \gi,Ag 2 ] - 2[d 9l ■ dg 2 ). 

So we have 

d{A([ 9l ,g 2 ]))(v) = d{[Ag l ,g 2 ] + \ 3u Ag 2 ]-2[dg 1 -dg 2 ]){v) 

= [d{A gi ){v),g 2 ] + [Ag u dg 2 (u)} + [dgi{v),Ag 2 ] 

+[ gi ,d(Ag 2 ){v)} - 2d([d 9l ■ dg 2 ]){v). (35) 

By Lemma [T4l we have 

d{A 9i ){v) = -2(n-l)JJA 5i . (36) 

By equation (f25|) which follows the proof of Lemma flOl we see that if a, (3 € 
Hp ir (£p) but are not necessarily in Ha, we have 

d A ([a-0\)(y) = -2(n-l)H[a-f3] - [d* A a,/3(v)} - [a(v),<r A 0\. (37) 

Setting a = dgi and (3 = dg 2 above yields 

- 2d([d 9l ■ dg 2 ]){v) = -2(-2{n-l)H[d 9l ■ dg 2 ] - [A gi ,dg 2 (u)} - [d gi (v), Ag 2 }). 

(38) 

Inserting (f36|) and (|38|) into (|35|) . we have 

d(A([ 9l ,g 2 }))(v) = -2(n-l)H[Ag u g 2 ] + [A 9l ,dg 2 (u)] + [d 9l (v),Ag 2 ] + 
-2(n-l)H[ 9l ,Ag 2 } + 

-2(-2(n-l)H[d 9l ■ d 92 ] - [A gi ,dg 2 {v)] - [d gi (v), Ag 2 }) 
= -2(n-l)H([Ag u g 2 } + [ gi ,Ag 2 ] - 2\dg x ■ dg 2 ]) + 

3[A gi ,dg 2 (u)}+3[d gi (u),A g2 } 
= -2(n - 1)HA([ 91 , 92 }) + 3[A 9u d 92 (v)} + Z[dg x {v),Ag 2 ], 

as desired. □ 

We will now show that the new term in Proposition [15] is actually very 
general. 

Proposition 16. Let F be a smooth t-valued function on dO. Then there exists 
smooth t-valued functions 9 i,hi € Co such that 

d(A(Y^[9i, hi]))(is) + 2(n - l)#A(]T[ 5l , hi]) = F. 

i i 

Proof. Since t is semi- simple, there exists Ai,Bi,Ci G I that 

F = Y,fiUuB i ],C i ] 
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for some real valued smooth functions /,;. So, without loss of generality, assume 
that F = f[[A, B],C] for some 4,B,Ce t 

Take any non- negative, nonzero, real- valued 4> S C£°(0). By the Strong 
Maximum Principle, we have G<j) > for the interior of each connected compo- 
nent of O, and thus on the whole interior of O (note that our definition of the 
Laplacian as A = d*d means that in local coordinates A = — J2i Thus, 
we can apply Lemma 3.4 of [6] to get 

^>0. 
au 

In particular, d(G4>)(v) never vanishes. We set h := G<fi ■ C. Since Ah = <f> ■ C 
has compact support, h G Co by Lemma H"4l 

Let {t/fc}feLo be an open cover of O such that {Uk}™=i covers dO and Uk 
are cubes in Type A coordinates for k > 1. Let {\k}™=i be the corresponding 
partition of unity for the cover {Uk D dO}™^ of the boundary. We set 

.A: A ' 



M{G<t>)(v) 



In the cube of Uk, suppose the x„ interval is [0, a]. Choose a C°° function 
7j : [0, a] — > [0, 1] such that ??|[o, a /4] = 1 an d supp(rj) C ([0, a/2]). We can extend 
/fe to a function / on [7*. by 

/(»!, . .. ,x n ) = fk(xi, . . . , x n -i)r)(x n ) exp(-2(n- l)-ff(xi, . . . ,x„_i)x„). 

Note that the support of / lies in Uk, so / is a function on all of O. On Uk, we 
have 



dm = 



fk(xi, . . . , x n -i)r)(x n ) exp(-2(ra - l)ff(ii, . . . ,x„_i)x n ) 

z„=0 



<9x„ 

= -2(n- . . . ,x„_i)/ fe (xi, . . . ,x n -x)r)(x n ) ■ 

cxp(-2(n - l)H(xi, . . . , x„_i)x„) 
= -2{n-l)Hf. 

By Lemma the above shows that G/fcL4, i3] e £ - Let g = Y^k=i G/fc[A, B]. 
We now verify that g and /i were well-chosen. By Proposition [15] and since 
Ah\ do = 0C\ do = 0, 

d(A([g,h}))(v)+2(n-l)HA[g,h] = 3[Ag, dh(v)] + 3[dg{v), Ah] 

= 3[Ag,dh(v)] 
= 3[^2f k [A,B],dGct>(v)-C} 

k 

= 3[(£A0j^[4fl],^MC1 

= f[[A,B],C]]=F, 
proving the proposition. □ 
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We are now at the point where we can prove the key lemma for our main 
theorem. Let T be the linear space spanned by £q and [Cq , Cq] . 

Lemma 17. Suppose our principal bundle isP^OxK^O, where O C R 71 
for n > 2 is open, bounded and has smooth boundary. Suppose g £ Lie(5^ ) | J 1 ) 
and is C°° . Then g £ T n C°° . 

Proof. Let g £ Lie(^+ 1 ) n C°°. Recall our linear map T Q : C°°{0;t) -> 
C°°(<90;«) defined as 

T (/) = d(A/)(i/) + 2(n-l)HA/. 

Set u := To(g). By Proposition 1161 there exists a smooth function / £ T such 
that To(f) = u. Since To is linear, we have that To(g — f) = 0. By Lemma [Til 
we know that g — f £ Span(Im(7£o)) C .F. Hence, <? = / + (g — f) £ J 7 , as we 
desired. □ 

The preceeding lemma gives us our main result. 

Theorem 18. Consider the trivial principal bundle O x K — > O, where O C K n 
/or n > 2 is open, bounded, and has smooth boundary. Let k > rt/2 + 1. 
and suppose Va = Vo- T/ie restricted holonomy group CHjj ir q)°(Vo) urci/i 
frase point Vo o/ t/ie Coulomb connection of the associated bundle C\, ir Ag — > 
^Dir Ao/^Dir * s dense in the connected component of the identity of Gjy^ ■ 

Before we prove this theorem, we should mention what we mean by "holon- 
omy group." We define Ti-% ir0 {Vo) the the same way it would be definied in 
finite dimensions. That is g £ "Hr)ir o(^o) if and only if Vo • g can be connected 
to Vo by a horizontal path in C^ ir A . It has been shown that with this def- 
inition, H^, ir0 (Vo) is a Banach Lie group, and the restricted holonomy group 
(W^ r0 )°(Vo) is also a Banach Lie group (for the statement of this theorem, 
see [IT]). 



Proof. This follows directly from Lemma 7.6 and Proposition 7.7 in [16]. Specif- 
ically, Lemma 7.6 and the beginning of the proof of Proposition 7.7 of JS] imply 
that every element of F is the tangent vector to a curve in i!H k Dir )°(Vo). Then 
Proposition 7.7 of jl6 a tells us that {Ti.% ir o)°(Vo) is dense in the connected 
component of the identity of Gj^ since T is dense in Lie(C/^ ) | r 1 ), completing the 
proof. □ 

In sum, we used the image of the curvature 1Z of the Coulomb connection to 
tell us about the Lie algebra of the holonomy group Tt% ir . The fact that this 
image generates the entire holonomy group is a well-known theorem in finite 
dimensions. A version of this theorem also holds in the infinite-dimensional 
case, as proved in [T2] . 
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